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Introduction
A proper colouring of a graph G is a mapping f which assigns to each vertex v a colour such that colours assigned to adjacent vertices are distinct. A k-colouring of G is a proper colouring f of G such that f (v) ∈ {1, 2, . . . , k} for each vertex v. The chromatic number χ(G) of G is the minimum integer k such that G is k-colourable.
A list assignment of a graph G is a mapping L which assigns to each vertex v of G a set L(v) of permissible colours. A proper L-colouring of G is a proper colouring f of G such that for each vertex v of G, f (v) ∈ L(v). We say G is L-colourable if G has a proper L-colouring. A k-list assignment of G is a list assignment L with L(v) ≥ k for each vertex v. We say G is k-choosable if G is L-colourable for any k-list assignment L of G. The choice number ch(G) of G is the minimum integer k such that G is k-choosable.
The concept of list colouring was introduced by Erdős, Rubin and Taylor [9] , and independently by Vizing [23] in the 1970's, and provides a useful tool in many inductive proofs for upper bounds for the chromatic number of graphs. On the other hand, there is a big gap between k-colourability and k-choosability. In particular, bipartite graphs can have arbitrary large choice number.
Intuitively, the reason that a k-colourable graph fails to be L-colourable for a k-list assignment L is due to the fact that lists assigned to vertices by L may be complicately entangled. In this paper, we put restrictions on the entanglements of lists that are allowed to be assigned to the vertices, and hence builds a refined scale for measuring choosability of graphs.
Definition 1 By a partition of a positive integer k we mean a finite multiset λ = {k 1 , k 2 , . . . , k q } of positive integers with k 1 + k 2 + . . . + k q = k. Each integer k i ∈ λ is called a part of λ.
Definition 2 Assume λ = {k 1 , k 2 , . . . , k q } is a partition of k and G is a graph. A λ-list assignment of G is a k-list assignment L of G in which the colours in ∪ x∈V (G) L(x) can be partitioned into sets C 1 , C 2 , . . . , C q so that for each vertex x and for each 1 ≤ i ≤ q, L(x) ∩ C i ≥ k i . Each C i is called a colour group of L. We say G is λ-choosable if G is L-colourable for any λ-list assignment L of G.
Equivalently, for a partition λ = {k 1 , k 2 , . . . , k q } of k, a k-list assignment L of G is a λ-list assignment of G if for each i = 1, 2, . . . , q, there is k i -list assignment L i of G such that L = ∪ q i=1 L i (i.e., for each vertex x of G, L(x) = ∪ q i=1 L i (x)) and for i ≠ j, for any vertices x, y of G, L i (x) ∩ L j (y) = ∅.
Assume λ is a partition of k. By subdividing a part of λ, we mean replacing a part k i ∈ λ with a few parts that form a partition of k i . Assume λ and λ ′ are two partitions of k. We say λ ′ is a refinement of λ if λ ′ is obtained from λ by subdividing some parts of λ. It follows from the definition that if λ ′ is a refinement of λ, then every λ ′ -list assignment of a graph G is also a λ-list assignment of G. Hence every λ-choosable graph is λ ′ -choosable.
Definition 3 Assume λ = {k 1 , k 2 , . . . , k q } is a partition of k and L is a λ-list assignment of G and C = ∪ v∈V (G) L(v) = C 1 ∪ C 2 ∪ . . . ∪ C q is a partition of the colour set into colour groups of L. If for each k i = 1, the corresponding colour group C i is a singleton, then we say L is a special λ-list assignment.
Lemma 1 Assume λ = {k 1 , k 2 , . . . , k q } is a partition of k. A graph G is λ-choosable if and only if for any special λ-list assignment L of G, G is L-colourable.
Proof. If G is λ-choosable, then of course for any special λ-list assignment L, G is L-colourable.
Assume G is L-colourable for any special λ-list assignment L, and L ′ is an arbitrary λlist assignment of G. Let J = {i ∶ k i = 1}. Assume C 1 , C 2 , . . . , C q are the colour groups of L. For each i ∈ J, let c i be an arbitrary colour in
Then L is a special λ-list assgnment of G. By assumption, G has a proper L-colouring φ.
It follows from the definition that for a positive integer k and a graph G, a {k}-list assignment is the same as a k-list assignment. Hence {k}-choosable is the same as kchoosable. On the other hand, it follows from Lemma 1 that if λ = {1, 1, . . . , 1} is the multiset consisting of k copies of 1, then λ-choosable is the same as k-colourable. So λchoosability puts k-colourability and k-choosability of graphs under the same framework, and λ-choosability for those partitions λ of k sandwiched between {k} and {1, 1, . . . , 1} (in terms of refinements) reveal a complicated hierarchy of colourability of graphs.
Definition 4 Assume λ is a partition of k and λ ′ is a partition of k ′ ≥ k. We write λ ≤ λ ′ if λ ′ is a refinement of a partition λ ′′ of k ′ which is obtained from λ by increasing some of its parts of λ.
For example, λ = {2, 2} is a partition of 4, and λ ′ = {1, 1, 1, 3} is a partition of 6. Let λ ′′ = {3, 3}. Then λ ′′ is obtained from λ by increasing each part of λ by 1, and λ ′ is a refinement of λ ′′ . Hence λ ≤ λ ′ .
If λ ′′ is obtained from λ by increasing some of parts of λ, then certainly every λchoosable graph is λ ′′ -choosable. If λ ′ is a refinement of λ ′′ , then every λ ′′ -choosable graph is λ ′ -choosable. Therefore if λ ≤ λ ′ , then every λ-choosable graph is λ ′ -choosable.
We shall prove the converse of the above observation is also true: If every λ-choosable graph is λ ′ -choosable, then λ ≤ λ ′ .
Colouring of planar graphs is a main motivation for many colouring problems and concepts. By the four colour theorem, every planar graph is 4-colourable. On the other hand, it was shown by Voigt [24] that there are planar graphs that are not 4-choosable and proved by Thomassen [22] that every planar graph is 5-choosable. In the sense of maximum chromatic number and maximum choice number of planar graphs, the problem is completely solved. However, with the refined scale of choosability introduced above, some natural questions arise.
Is every planar graph {1, 3}-choosable? Is every planar graph {2, 2}-choosable ? Is every planar graph {1, 1, 2}-choosable ? A positive answer to any of the above question is a strengthening of the four colour theorem, and a negative answer to any of the above question is a strengthening of the result of Voigt on the existence of non-4-choosable planar graphs.
A recent result of Choi and Kwon [6] implies that there are planar graphs that are not {1, 3}-choosable. Mirzakhani [19] constructed a 3-chromatic planar graph which is not 4-choosable. In contrast to this result, we observe that 3-chromatic planar graphs are {1, 3}-choosable. We shall also present another example showing the existence of non {1, 3}-choosable planar graphs (indeed, it is after we build the example that we noticed [6] ). We conjecture a positive answer to the second question:
Conjecture 1 is a strengthening of the four colour theorem. As the current known proofs of the four colour theorem heavily relies on computer, finding a proof of Conjecture 1 should be very difficult. We shall show that Conjecture 1 holds for planar graphs G whose dual G * contains a spanning Eulerian subgraph H such that every face of H is either incident to a single connected component of H or incident to two connected components of H that are joined by an even number of edges in G * . In particular, if G * has a connected spanning Eulerian subgraph, then G is {2, 2}-choosable.
As {1, 1, 2} is a refinement of {2, 2}, the following conjecture is weaker than Conjecture 1 (but is also a strengthening of the four colour theorem).
Conjecture 2 Every planar graph is {1, 1, 2}-choosable.
Conjecture 2 was asked in [6] as a question, in an equivalent but different formulation.
List colouring of graphs is related to colouring of signed graphs. A signed graph is a pair (G, σ) such that G is a graph and σ ∶ E → {−1, +1} is a signature which assigns to each edge a sign.
A set I of integers is called symmetric if for any integer i, i ∈ I implies that −i ∈ I. For a positive integer k, Z k be the cyclic group of order k, and let N k be a symmetric k-set (i.e., a symmetric set of integers with N k = k). An MRS-k-colouring of (G, σ) is a mapping f ∶ V (G) → N k such that for each edge e = xy, f (x) ≠ σ(e)f (y), and a KS-k-colouring of (G, σ) is a mapping f ∶ V (G) → Z k such that for each edge e = xy, f (x) ≠ σ(e)f (y).
It was conjectured by Máčajová, Raspaud andŠkoviera that every signed planar graph is MRS-4-colourable, and conjectured by Kang and Steffen that every signed planar graph is KS-4-colourable.
Conjecture 3 [18] Every planar graph is signed MRS-4-colourable.
Conjecture 4 [21] Every planar graph is signed KS-4-colourable.
We say a list assignment L of a graph G is symmetric if L(v) is a symmetric set of integers for every vertex v of G.
Observe that we define a k-list assignment of G to a list assignment L for which L(v) ≥ k for every vertex v. To show a graph G is k-choosable, we may restrict to list assignments L for which L(v) = k for every vertex v. However,
The following is a re-formulation of a conjecture of Kündgen and Ramamurthi.
Conjecture 5 [17] Every planar graph is weakly 4-choosable.
It is easy to see that Conjecture 1 implies Conjecture 5. We shall show that Conjecture 5 is also implied by Conjecture 3, and that Conjecture 4 implies Conjecture 2.
The concept of λ-choosability can be expressed and strengthened in terms of colouring of generalized signed graphs. We shall introduce the concept of S λ -colourability of graphs, propose some conjectures concerning colouring of generalized signed planar graphs, and explore relations between various conjectures concerning λ-choosability of planar graphs and colouring of generalized signed planar graphs. We also pose some questions concerning λ-choosability of planar graphs without cycles of given lengths.
Ordering of partitions of integers
We have defined a relation ≤ on the set of partitions of integers, which is easily seen to be reflexive, anti-symmetric and transitive. I.e., ≤ is a partial ordering of the partitions of positive integers. This section proves the following result.
Before proving this theorem, we first prove a lemma, which will be used in our proof, and which is of independent interest.
For graphs G 1 , G 2 , . . . , G q , the join ∨ q i=1 G i of G 1 , G 2 , . . . , G q is obtained from the disjoint union of the G i 's by adding edges connecting every vertex of G i to every vertex of G j for any i ≠ j.
Proof of Theorem 2
One direction of this theorem follows easily from the definitions.
It follows from the definition that there is a partition λ ′′ of k ′ which is obtained from λ by increasing some parts of λ, and λ ′ is a refinement of λ ′′ .
Let L be a λ ′ -list assignment of G. Then L is also a λ ′′ -list assignment of G. By omitting some colours from
We construct a graph G as follows: Let n be a sufficiently large integer (to be determined later). For 1 ≤ i ≤ q, let G i be the disjoint union of n copies of the complete graph
Here
Note that G i contains n copies of K k i , which are labeled as the 1st copy, the 2nd copy, etc. of K k i .
For each vertex v of the jth copy of
By our assumption, there is an L-colouring φ of G. For each index j ∈ {1, 2, . . . , p}, we say C ′ j is occupied by G i if at least k ′ j colours in C ′ j are used by vertices in G i . For each i ∈ {1, 2, . . . , q}, let
then at least k ′ j colours are used by vertices in G i and at least k ′ j colours are used by vertices in G i . As C ′ j = 2k ′ j − 1, there is a colour c ∈ C ′ j that are used by both vertices of G i and G i ′ , but every vertex of G i is adjacent to every vertex of G i ′ , a contradiction.
In other words, the colours used by vertices from the lth copy of K k i of G i are all from ∪ j∈J i S l,j . As vertices in the lth copy of K k i of G i are coloured by distinct colours, we conclude that
Then λ ′′ is obtained from λ by increasing some parts of λ, and λ ′ is a refinement of λ ′′ . Hence λ ≤ λ ′ . 
λ-choosability of planar graphs
The problem of determining the maximum chromatic number and maximum choice number of planar graphs is completely solved. However, with the refined scale of measuring the choosability of graphs, some challenging problems remain open.
In the language of λ-choosability, the four colour theorem says that every planar graph is {1, 1, 1, 1}-choosable. Voigt's result shows that there are planar graphs that are not {4}-choosable.
The other partitions of 4 are {1, 3}, {2, 2} and {1, 1, 2}. It is natural to ask whether every planar graph G is λ-choosable for any of these partitions λ of 4. Any negative answer to such a question is a strengthening of Voigt's result and any positive answer to such a question is a strengthening of the four colour theorem.
It was shown by Mirzakhani [19] that there are 3-chromatic planar graphs that are not 4-choosable. In contrast to this result, we have the following observation.
Proof. Assume G is a 3-chromatic planar graph and L is a {1, 3}-list assignment of G.
Nevertheless, it follows from a recent result of Choi and Kwon [6] that there are planar graphs that are not {1, 3}-choosable. Without knowing the result of Choi and Kwon, we also found such example of planar graphs. As the example graphs are different and maybe useful for some other purpose, we present the example in this paper.
A
There are k! ways of assigning the k colours {1, 2, . . . , k} to the independent sets. So there are actually k! k-colourings of G. If G is a uniquely 4-colourable planar graph, then there are exactly 24 4-colourings of G.
For a plane graph G, we denote by F(G) the set of faces of G.
Lemma 8 There exists a uniquely 4-colourable plane triangulation G ′ , a set F of 24 faces of G ′ and a one-to-one correspondence φ between F and the 24 4-colourings of G ′ such that for each F ∈ F, φ F (V (F )) = {1, 2, 3}, where φ F is the 4-colouring of G ′ corresponding to F and V (F ) is the set of vertices incident to F .
Proof. Build a plane triangulation which is uniquely 4-colourable and which has 24 faces. Such a graph can be constructed by starting from a triangle T = uvw, and repeat the following: choose a face F (which is a triangle), add a vertex x in the interior of F and connect x to each of the three vertices of F . Each iteration of this procedure increases the number of faces of G by 2. We stop when there are 24 faces. Let φ be an arbitrary one-to-one correspondence between the 24 4-colourings of G and the 24 faces of G. For each face F of G, we denote by φ F the corresponding 4-colouring of G.
Let F ′ be the set of faces F for which φ F (V (F )) ≠ {1, 2, 3}. For each F ∈ F ′ , add a vertex z F in the interior of F , connect z F to each of the three vertices of F . The colouring φ F is uniquely extended to z F . Hence the resulting plane triangulation G ′ is still uniquely 4-colourable. The face F of G is partitioned into three faces of G ′ . The vertices of one of the three faces are coloured by {1, 2, 3}. We denote this face by F ′ and use this face of G ′ instead of the face F of G to be associated with the colouring φ F (and we denote this colouring by φ F ′ after this operation).
Let
The one-to-one correspondence between F and the 24 4-colourings of G ′ defined above satisfies the requirements of the lemma. Now we are ready to construct a planar graph G and a {1, 3}-list assignment of G such that G is not L-colourable.
Let G ′ be a uniquely 4-colourable plane triangulation G ′ , and let F be a set of 24 faces of G ′ and φ a one-to-one correspondence between F and the 24 4-colourings of G ′ so that for each F ∈ F, φ F (V (F )) = {1, 2, 3}.
For
We denote the resulting plane triangulation by G.
Let L be the 4-list assignment of G defined as follows:
The set of colours used in the lists is C = {1, 2, 3, 4, 5} and C 1 = {4}, C 2 = {1, 2, 3, 5} is a partition of C and for every vertex v of G, L(v) ∩ C 1 = 1 and L(v) ∩ C 2 = 3. So L is a {1, 3}-list assignment of G.
Now we show that G is not L-colourable. Assume ψ is an L-colouring of G. Then the restriction of ψ to G ′ is a proper 4colouring of G ′ . As G ′ is uniquely 4-colourable, the restriction of ψ to G ′ equals φ F for some F ∈ F. Consider the triangle T F . Vertex a F is adjacent to vertices of colours 1 and 2 and has list L(a F ) = {1, 2, 4, 5}. Therefore φ(a F ) ∈ {4, 5}. Vertex b F is adjacent to vertices of colours 2 and 3 and has list L(b F ) = {2, 3, 4, 5}. Therefore φ(b F ) ∈ {4, 5}. Vertex c F is adjacent to vertices of colours 1 and 3 and has list L(c F ) = {1, 3, 4, 5}. Therefore φ(c F ) ∈ {4, 5}. This is a contradiction, as a F b F c F form a triangle, and hence cannot be coloured by colours 4, 5.
This completes the proof that G is not L-colourable. Hence G is a planar graph which is not {1, 3}-choosable.
The questions whether every planar graph is λ-choosable for λ = {2, 2} or λ ′ = {1, 1, 2} remain open. As stated in Conjectures 1 and 2, we conjecture positive answers to these two questions. As each of these two conjectures is a strengthening of the four colour theorem, it might be difficult to find a proof for these conjectures. Thus it is of interest to prove these two conjectures for some sub-families of planar graphs. The following is an easy observation.
Observation 9 Assume G is a plane graph and G * is the dual of G. Assume G * has a spanning Eulerian subgraph H such that each face of H is incident to at most two connected components of H, and moreover, if a face F of H is incident to two connected components of H, then there are an even number of edges of G connecting these two components of H. Then G is {2, 2}-choosable.
Proof. Since H is an Eulerian plane graph, its faces can be properly 2-coloured. I.e., the faces of H can be partitioned into two indepenent sets A and B. If a face F of H is incident to one connected component of H, then the subgraph of G induced by vertices contained in F is a tree. If a face F of H is incident to two connected components, then the subgraph of G induced by vertices contained in F is a connected uni-cyclic graph (i.e., contains exactly one cycle) and the length of the cycle is the number of edges in G * connecting the two connected components of H. If two faces F 1 , F 2 are not adjacent in H, then no vertex of G contained in F 1 is adjacent to a vertex of G contained in H 2 . Let X be the set of vertices of G contained in faces in A, and Y be the set of vertices of G contained in faces in B. Then X ∪ Y is a partition of vertices of G, and each component of G[X] or G[Y ] is either a tree or a uni-cyclic graph, and moreover, all the cycles are of even lengths. Therefore each of G[X] and G[Y ] is 2-choosable.
Assume L is a {2, 2}-list assignment of G, and C 1 ∪ C 2 are the corresponding colour groups. Then there is an L-colouring of G such that vertices in X are coloured by colours from C 1 and vertices in Y are coloured by colours from C 2 .
Given a list assignment L of a graph G, let
The cardinality L is another measure of the complexity of a list assignment L. The example above shows that there is a 4-list assignment L of a planar graph G such that L = 4 and G is not L-colourable. It is easy to see that if L is a 4-list assignment of a planar graph with L ≤ 2, then G is L-colourable. Indeed, if L = 1, then the statement is the same as the four colour theorem. If L = 2, then without loss of generality, we may assume that L(x) ∈ {{1, 2, 3, 4},
It remains an open question whether there is a planar graph G and a 4-list assignment L of G with L = 3 such that G is not L-colourable.
Conjecture 6
If G is a planar graph and L is a 4-list assignment of G with L = 3, then G is L-colourable. It is easy to observe that Conjecture 1 implies Conjectures 2 and 5. In this section, we show that Conjecture 3 implies Conjecture 5, Conjecture 4 implies Conjecture 2, Conjecture 2 together with Conjecture 5 implies Conjecture 6.
Relation between conjectures
Theorem 10 Every MRS-4-colourable graph is weakly 4-choosable. Consequently, Conjecture 3 ⇒ Conjecture 5.
Proof. Assume G is signed MRS-4-colourable and L is a symmetric 4-list assignment
We define a signature σ of G as follows: For e = uv ∈ E(G),
By our assumption, G is signed MRS-4-colourable. Let f ∶ V (G) → {±1, ±2} be a MRS-4-colouring of (G, σ). We define an L-colouring φ of G as follows:
Now we show that φ is a proper colouring of G.
Assume to the contrary that e = uv is an edge of G, and φ(u) = φ(v). Let i = φ(u) . Assume e = uv is a positive edge. Then either i = min L(u) = min L(v) or i = max L(u) = max L(v). In any case, f (u)f (v) > 0. Since e is a positive edge, we have f (u) ≠ f (v). It follows from the definition that φ(u)φ(v) < 0, hence φ(u) ≠ φ(v), a contradiction.
Assume e = uv is a negative edge. Then
The converse of Theorem 10 is not true. The graph K 2,2,2,2 is 4-choosable (and hence weakly 4-choosable), but it is not signed MRS-4-colourable [15] . Proof. Assume G is a signed KS-4-colourable graph and L is a {1, 1, 2}-list assignment of G. We may assume that colours in the lists are positive integers. By Lemma 1, we may assume that {1,
By our assumption, G is KS-4-colourable. Let f ∶ V (G) → Z 4 be a KS-4-colouring of (G, σ). We define an L-colouring φ of G as follows:
It is obvious that φ is an L-colouring of G. Now we show that φ is a proper colouring of G.
Assume to the contrary that e = uv is an edge of G, and φ
. This is again in contrary to the definition of φ.
Again the converse of Theorem 11 is not true. It can be verified that K 2,2,2,2 is also not KS-4-colourable.
Theorem 12 Assume G is weakly 4-choosable and also {1, 1, 2}-choosable. If L is a 4list assignment of G with L = 3, then G is L-colourable. Conjecture 5 plus Conjecture 2 ⇒ Conjecture 6.
Proof. Assume G is a counterexample. I.e., G is weakly 4-choosable and {1, 1, 2}choosable, but there is a 4-list assignment L of G with L = 3 such that G is not L-colourable.
We choose the counterexample so that ∪ v∈V (G) L(v) is minimum. ; (1, 2) , (3, 4) and (5, 6) . Change the names of colours as follows: 2 → −1, 4 → −3 and 6 → −5. Then L is a symmetric 4-list assignment of G. Hence G is L-colourable.
Corollary 13
If G is {2, 2}-choosable and L is a 4-list assignment of G with L = 3, then G is L-colourable. Consequently, Conjecture 1 ⇒ Conjecture 6.
Colouring of generalized signed graphs
DP-colouring (also called correspondence colouring) of graphs is a concept introduced recently by Dvořák and Postle [8] , as a variation of list colouring of graphs. By using this new concept, Dvořák and Postle [8] proved that planar graphs without cycles of lengths 4, 5, 6, 7, 8 are 3-choosable, solving a 15 year old open problem. DP-colouring can also be viewed as a generalization of colouring of signed graphs. This point of view is adopted in [12] , where the concept of generalized signed graphs is introduced.
In this section, we shall study colouring of generalized signed graphs that are strengthening of λ-choosability of graphs.
First we define generalized signed graphs and their colouring. For convenience, we view an undirected graph G as a symmetric digraph, in which each edge uv of G is replaced by two opposite arcs e = (u, v) and e −1 = (v, u). We denote by E(G) the set of arcs of G. A set S of permutations of positive integers is inverse colosed if π −1 ∈ S for every π ∈ S. Definition 6 Assume S is an inverse closed subset of permutations of positive integers. An S-signature of G is a mapping σ ∶ E(G) → S such that for every arc e, σ(e −1 ) = σ(e) −1 . The pair (G, σ) is called an S-signed graph.
Definition 7 Assume S is an inverse closed subset of permutations of positive integers and (G, σ) is an S-signed graph. A k-colouring of (G, σ) is a mapping f ∶ V (G) → [k] = {1, 2, . . . , k} such that for each arc e = (x, y) of G, σ(e)(f (x)) ≠ f (y). We say G is S-k-colourable if (G, σ) is k-colourable for every S-signature σ of G.
Colouring of generalized signed graphs is a common generalization of many colouring concepts.
• If S = {id}, then S-k-colourable is equivalent to k-colourable.
• If S = {id, (12)(34) . . . ((2q − 1)(2q))} when q = ⌊k 2⌋ or q = ⌈k 2⌉ − 1, then Sk-colourable is equivalent to signed MRS-k-colourable or signed KS-k-colourable, respectively.
• If S =< (12 . . . k) > is the cyclic group generated by permutation (12 . . . k), then S-k-colourable is the same as Z k -colourable, as defined by Jaeger, Linial, Payan and Tarsi [10] . Indeed for each group Γ of order k, there is a subgroup S of the symmetric group S k such that Γ-colourable is equivalent to S-k-colourable.
• If S is the set of all permutations, then S-k-colourable is equivalent to DP-kcolourable, which is introduced recently by Dvořák and Postle [8] .
It is shown in [8] that every DP-k-colourable graph is k-choosable. Indeed, assume G is DP-k-colourable and L is a k-list assignment of G. We define a signature σ of G as follows: For each edge e = (x, y), let σ(e) be any permutation of integers for which σ(e)(i) = j if the ith colour in L(x) equals the jth colour in L(y). Here we assume the colour set is ordered. Assume f is a k-colouring of (G, σ). Let φ(x) be the f (x)th colour in L(x). Then it is easy to verify that φ is an L-colouring of G.
In a very similar manner, the concept of λ-choosability is closely related to colouring of certain generalized signed graphs.
Theorem 14 Assume λ = {k 1 , k 2 , . . . , k q } is a partition of k. If G is a S λ -k-colourable graph, then G is λ-choosable.
Proof. Assume G is a S λ -k-colourable graph, and L is a λ-list assignment of G. By definition, there is a partition of ∪ v∈V (G) L(v) as C 1 ∪ C 2 ∪ . . . ∪ C q such that for each vertex v and for each 1 ≤ i ≤ q, L(v) ∩ C i = k i . We may assume the colours are ordered in such a way that if i < j then every colour in C i is less than every colour in C j , and every integer in I i is less than every integer in I j .
Then for any l ∈ I j for any vertex v of G, the lth colour of L(v) belongs to C j . We define a signature σ of G as follows: For each edge e = (x, y), if l ∈ I j and the lth colour in L(x) equals the l ′ th colour in L(y), let σ(e)(l) = l ′ . If the lth colour in L(x) is not equal to any colour in L(y), then σ(e)(l) is an arbitrary colour in I j , provided that the resulting mapping σ is a permutation of colours. Thus for each j, σ(I j ) = I j and σ ∈ S λ . Hence (G, σ) has a k-colouring f . For each vertex x of G, let φ(x) be the f (x)th colour in L(x). Then it is easy to verify that φ is an L-colouring of G.
Note that if λ = {k}, then S λ -k-colourable is the same as DP-k-colourable. It is known that there are k-choosable graphs that are not DP-k-colourable. So the converse of Theorem 14 is not true.
Similar to Lemma 3, we have the following lemma for S λ -k-colourable graphs.
Lemma 15 Assume for i = 1, 2, . . . , q, λ i is a partition of k i , and G i is
Proof. Let σ be a S λ -signature of G. For j = 1, 2, . . . , q, let k ′ j = k 1 + k 2 + . . . + k j−1 and
Then it is easy to verify that f is a k-colouring of (G, σ).
Proof. If λ ′ is a refinement of λ, then any S λ ′ -signature is an S λ -signature. Hence every S λ -colourable graph is S λ ′ -colourable.
Assume k ′ > k and λ ′ is obtained from λ by increasing some parts of λ. We shall show that every S λ -k-colourable graph is S λ ′ -k ′ -colourable. By using induction, it suffices to consider the case that λ = {k 1 , k 2 , . . . , k q } and λ ′ = {k 1 , k 2 , . . . , k q−1 , k q + 1}. For any
For the converse direction, assume every S λ -k-colourable graph is S λ ′ -k ′ -colourable. Assume λ = {k 1 , k 2 , . . . , k q }. Let G i for i = 1, 2, . . . , q be the disjoint union of n copies of complete graphs K k i and let
By Theorem 14, G is λ ′ -choosable. As shown in the proof of Theorem 2, when n is sufficiently large, we must have λ ≤ λ ′ . Definition 9 Assume S is an inverse closed non-empty subset of S 4 . We say S is good if every planar graph is S-4-colourable, and S is bad otherwise.
The four colour theorem is equivalent to say that S = {id} is good. Conjecture 3 is equivalent to say that S = {id, (12)(34)} is good, and Conjecture 4 is equivalent to say that S = {id, (12)} is good.
We say two subsets S and S ′ of S k are conjugate if there is a permutation π ∈ S k such that S ′ = {πσπ −1 ∶ σ ∈ S}. It is proved in [12] that if id ∈ S and S is not conjugate to a subset of {id, (12), (34), (12)(34)}, then S is bad.
The following conjecture, which is a common strengthening of Conjectures 3 and 4, was proposed in [12] . For odd integer k, MRS-signed-k-colourable is the same as KS-signed-k-colourable. Colouring of generalized signed triangle free planar graphs are studied in [11] . Thus for an odd integer k, we simply say a graph G is signed k-colourable if G is signed MRS-3-colourable (and hence signed KS-3-colourable). A graph is signed 3-colourable is the same as signed S-3-colourable for S = {id, (12)}.
The following result was proved in [11] .
Theorem 18 Assume S is a subset of S 3 for which the following hold:
• S is not conjugate to {id, (12)} or {id}.
• for every i ∈ [3] there is a permutation π ∈ S such that π(i) = i.
Then there is a triangle free planar graph G which is not signed S-3-colourable. On the other hand, if S = {id} or there is a colour i ∈ [3] such that for every π ∈ S, π(i) ≠ i, then every triangle free planar graph G is signed S-3-colourable.
It remains open whether or not every triangle free planar graph is signed 3-colourable. A positive answer was conjectured in [11] .
Conjecture 9 Every triangle free planar graph signed 3-colourable.
It is easy to verify that for λ = {1, 2}, S λ = {id, (12)}. Thus as a consequence of Theorem 16, we have the following corollary.
Corollary 19 Conjecture 9 ⇒ Conjecture 8.
It is known that every planar graph without cycles of lengths 4, 5, 6, 7 are 3-colourable [3, 4] . However, whether such planar graphs are 3-choosable remains an open question. It was conjectured by Montassier in [20] that every planar graph without cycles of lengths 4, 5, 6 are 3-choosable. On the other hand, it remains open whether every planar graph without cycles of lengths 4, 5, 6 is 3-colourable. It was conjectured by Steinberg from 1976 that every planar graph without cycles of lengths 4, 5 is 3-colourable, and the conjecture was refuted in [7] in 2017. One plausible revision of Steinberg's conjecture is that every planar graph without cycles of lengths 4, 5, 6 is 3-colourable. The following conjecture is sandwiched between Montassier's conjecture and the possible revision of Steinberg's conjecture. The following is a strengthening of Conjectures 10.
Conjecture 11 Every planar graph without cycles of lengths 4, 5, 6 is signed 3-colourable.
Below is a diagram illustrating the implications of conjectures in this paper.
Some remarks
The concept of λ-choosability suggests intermediate problems for many existing challenging open problems. Consider the class of line graphs. The following conjecture, known as the List Colouring Conjecture (LCC), was formulated independently by Vizing, by Gupta, by Albertson and Collins, and by Bollobás and Harris (see [5] ).
Conjecture 12 [5] If G is a line graph, then χ(G) = ch(G).
If Conjecture 12 is true, then the λ-choosability problem of line graphs would collaps to a colourability problem.
Observation 20 If G is a k-colourable line graph and λ = {k 1 , k 2 , . . . , k q } is a partition of k in which each part has size at most 2, i.e., k i ≤ 2, then G is λ-choosable.
Proof. Assume G is a line graph and f is a k-colouring of G. Consider the subgraph of G induced by the union of any two colour classes. Each connected component of this induced subgraph is either an even cycle or a path. Hence this induced subgraph of G is 2-choosable, and the conclusion of the observation follows.
Indeed, the same argument shows that if Conjecture 12 holds for all s-colourable graphs, and λ = {k 1 , k 2 , . . . , k q } is a partition of k in which each part has size at most s, then the λ-choosability problem collaps to k-colourability problem. As a weakening of LCC, we propose the following conjecture.
Conjecture 13
For any integer s, there is an integer k(s) such that if k ≥ k(s), G is a k-colourable line graph, and λ is a partition of k in which each part has size at most s, then G is λ-choosable.
In [5] , Conjecture 12 was extended to total colouring of graphs. Namely, it was conjectured in [5] that for any graph G, the total chromatic and total choice number of G are equal. We can formulate a similar conjecture as Conjecture 13 for total colouring as well. Also a similar conjecture for claw-free graphs, for pseudo-line graphs are open.
